Abstract. Seidel has shown that the number t. of two-graphs on n nodes is equal to the number of switching classes of graphs on n nodes. Robinson, and independently Liskovec, have given an explicit formula for the number e. of Euler graphs on n nodes. It is shown here that t, e, for all n.
1. Introduction. DEFINITION 1. A two-graph [9] consists of a set f of nodes together with a collection of triples of elements of f such that each 4-element subset of f contains an even number of these triples. DEFINITION 2. Let G be an (ordinary) graph with node set f (containing no loops or multiple edges). Let co be a node in f and suppose co is adjacent in G to the (possibly empty) subset X g f. The operation of switching at node co ([5] , [9] ) transforms G by deleting the edges from co to X, and adding edges from co to f-X. In other words, take the complement of the edges incident with node co. We define an equivalence relation on graphs by saying that G' is equivalent to G if there exists a sequence of nodes cox, co2, such that G' is obtained from G by switching at cox, co2,
Figure shows the three equivalence classes (or switching classes) of graphs with n 4 nodes.
Seidel [9] showed that the number of switching classes of graphs with n nodes is equal to the number of two-graphs with n nodes. The values of tx, "", t7 were given in [5] , and of 8, t9 (found by F. C. Bussemaker) in [9] . DEFINITION 3. An Euler graph ( [7] , [11, p. 20]) is a graph in which every node has even degree.
Robinson [8] and independently Liskovec [6] In collecting data for a supplement to [12] it was observed that the numbers e, and t, agree for =< n =< 8. It is the object of this note to prove the following. THEOREM 1. e, t, for all n.
This result had already been established by Seidel [10] for n odd. However, the result when n is even seems to lie much deeper. Indeed, when n is odd, it is not difficult to show that there is a unique Euler graph in each switching class, thus establishing a 1-1 correspondence between the two families. But for n even, we have been unable to find such a correspondence. Figure 2 shows the correspondence when n 4. X(C) induces a permutation (which we also denote X(C)) on the set , of all labeled graphs. Note that X(C) and X(C) are the same permutation (where is the complement of C).
The number t, of switching classes is the number of equivalence classes in , under the combined action of all X(C) and all permutations n of the n nodes.
The set of all X(C) and all n generate a group of order 2"-in I, consisting of pairs (n, C). By Burnside's lemma [2] ,
where f(n, C) is the number of graphs that are fixed under the operation of first permuting the nodes according to n and then switching at the nodes in C. We proceed to calculate f(n, C). (1 __< # < v __< 2i) are permuted in distinct edge-cycles of length 2i, and one edge-cycle (the cycle of diameters) of length i. Then as a diameter traverses the edge-cycle of length under repeated applications of (Tt, C), it is switched 7(fl, C) times. Thus in order for it to be possible for a graph to be fixed under (rt, C), 7(fl, C) must be even. An edge which is not a diameter will be switched 27(fl, C) times, which is always even. Thus if 7(fl, C) is even, there are 2 ways of inserting the chords of fl so that this subgraph is fixed under (rt, C); if 7(fl, C) is odd, there are no such ways.
(ii) The edges joining the nodes of a node-cycle of length 2i + comprise distinct edge-cycles each of length 2i + 1. An edge in one of these cycles is switched an even number of times during 2i + successive applications of (z, C). Thus there are 2 ways of inserting the chords of such a node-cycle, for any C.
(iii) Let fl (a,,..., ab), fl' (a' 1,'", a,,) be distinct node-cycles. Let (b, b'), and write b rt, b' r't, where(r,r')= 1.
The bb' edges auau, are permuted in distinct edge-cycles of length rr't each.
As an edge traverses its edge-cycle, it is switched p r'7(fl, C)+ rT(fl', C) times. If both b and b' are even, and an invariant subgraph is possible, both 7(/3, C) and 7(fl', C) must be even by (i). If b is even and b' odd, r and 7(fl, C) must be even. But if both b and b' are odd, so r, r' are odd, then for p to be even, 7(fl, C) and 7(fl', C) must both be even or both odd. Therefore if an invariant subgraph is to be possible, all node-cycles of odd length must contain an even number of points of C, or all must contain an odd number of points of C. If this holds, the number of ways of drawing an invariant subgraph of edges from fl to fl' is 2'.
(iv) Putting all this together, the number of ways of drawing a graph that is invariant under (n, C) is f(n, C) 2v()(n, C), where (n, C) 0 or 1, and if and only if 7(fli, C) is even whenever bi is even, and {7(flj, C): bj odd} are all even or all odd together. It follows that (, C) 2"-c Hence from (4) and (1) , which collapses to (1) , and the theorem is proved.
